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MATHEMATICS —Comments on the classical theory of integral equations.r D. C.
Lewis, The Johns Hopkins University.

§1. INTRODUCTION

The purpose of this paper is to show how
a large part of the theory of the symmetric
kernel can be adapted to the unsymmetric
case merely by introducing the concept of a
characteristic pair. By this we mean a pair
of functions, f(x) and ¢(x), not identically
vanishing, which with a suitable value of A
satisfy the following pair of equations:

b
g(x) = A f fWK(y, x) da(y)
(1.1)

b
1@ = [ K@ o) da.

Here K(x, y) is the generally nonsymmetric
kernel which we assume to be continuous,
and hence bounded, on the closed square
a <z <ba<y<b. The function a(x)
18 monotonic increasing (and nowhere con-
stant) on the intervala < x < b.

The number N\ corresponding to such a
nontrivial solution of (1.1) is called a char-
acteristic number of the kernel. It is clear
that if A\ is thus a characteristic number
accompanying the pair [f(x), g(x)], then A\
18 a characteristic value in the ordinary sense
of the symmetric iterated kernel with char-
acteristic funetion f(x) or g(x), according to
whether the symmetric iterated kernel is

[ K@ 9K, 9 date) or

[ K 2K E v da.

Erhard Schmidt has taken advantage of

! Received December 8, 1949.
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this fact in adapting his theory of the sym-
metric kernel to the unsymmetrie case.* Our
method, on the contrary, makes no use of
the iterated kernel. We attack the problem
directly by a method devised by Kellogg?
for the symmetric case. We show that this
method can be easily modified so as to fit
also the unsymmetric case. We prove a maxi-
mum property of our characteristic numbers
and function pairs and prove expansion the-
orems in a manner entirely analogous to the
classical theory for the symmetric case.’

We wuse the following abbreviation
throughout the paper:

(u,v) = f w(@)v(x) da(x).

We recall also in this introductory section
that the class of functions f(x), which may
be represented in the form

fz) = f K(x, 9)®(y) de(y) or

[ #wE @, 2) daty),

in which (®, ®) = 1, is equicontinuous. This
follows from the uniform econtinuity of
K(x, y) in the closed square if we apply
Schwarz’s inequality to the right member of
the equality

@)= )
= f (K(x,y) — K@, n]®(y) daly).

The fact that this same class of functions is

2 Cf. Literature Cited at end of paper.
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bounded is even more obvious. We make
these remarks to justify our subsequent use
of Ascoli’s theorem in the application of
Kellogg’s method. They also serve for an
immediate proof of the fact that the func-
tions of any characteristic pair must be con-
tinuous, a fact we tacitly use in some of our
subsequent proofs.

§2. ELEMENTARY PROPERTIES OF
CHARACTERISTIC NUMBERS
AND PAIRS

First, it is clear from (1.1) that zero can-
not be a characteristic number, inasmuch as
the characteristic pair [f, g] must not vanish
identically.

Although we hereby assume throughout
the paper that K and « are real-valued func-
tions of real variables, we temporarily con-
sider the possibility that f, g, and N\ may be
complex-valued. We notice from (1.1) that,
if f and ¢ are a characteristic pair corre-
sponding to a characteristic number A, then
f and —g are a characteristic pair corre-
sponding to the characteristic number —AX,
and conversely. Hence there is no essential
loss of generality, if we assume in the sequel,
as we shall do, that X\ always lies in the right
half plane including, possibly, the axis of
pure imaginaries.

Let [f1, g1) and [fs , g2) be two characteristic
pairs corresponding respectively to the char-
acteristic numbers Ny and N\, . Then, in any
case,

(2.1) | (f2 ,fz) | = I (91, g2) |:

and, if | A1 | # | N2 |, we have zero for the
common value of (fy, f2) and (g1, g2).

Indeed, from

1o@) = %[ K(@,)g:0) dal),

we have

(f1, /)

= [ [ A@KG D00 dalw) date)

= Agfa [fa fi(x)K(z,y) d.a(:z:):| g-(y) da(y).

But, since the integral within the bracket is

b
[ 1K, )P daty)
> ;U K (z, 9)g:(y) da(y)} = 2)“{12_)

voL. 40, No. 3

known to be equal to A1'¢:1(y), we have

(2.2) (f1, 1) = Aa/N1)(g1, g2).

Interchanging the subseripts 1 and 2 and
remembering that (w, ») = (v, u), we also
obtain (fi, fo) = (A/N)(g1, g2). Hence,
either A\o/A1 = ANi/A2, or else (g1, g2) = 0,
and the italicized statement is proved.

We also can prove very easily that no
characteristic number can be complex with non-
vanishing tmaginary part. For, suppose A
were a complex characteristic number with
characteristic pair [fy, ¢1]. Then, if the com-
plex quantities conjugate to A1, fi, g1 be
denoted respectively by N., fo, g2, wWe see
from (1.1) that A, is a characteristic number
with characteristic pair [f,, g.]. Moreover
(2.2) holds, and, since both (fi, f.) and
(g1, g2) are obviously positive, (2.1) shows
that A\; = N\. . Hence \; is real as we wished
to show.

The result of all this is that, from now on,
we may assume the characteristic numbers
\ to be real and positive and the character-
istic pairs to be real.

There may be many linearly independent
characteristic pairs [f;, gd, 2 = 1, 2, -+ -,
corresponding to a single characteristic num-
ber A. It is readily seen from (1.1) that any
linear combination of these f; taken to-
gether with the same linear combination of
the g; will furnish a characteristic pair for
the characteristic number A. Furthermore
the f’s corresponding to the same character-
istic number can be orthonormalized so that
(f:, f;) = 6:; and then from (2.2) it is seen
that the corresponding ¢’s are also ortho-
normalized. It is already clear that f’s corre-
sponding to different characteristic numbers
are orthogonal to each other, and the same
is true of the g¢’s.

Let us now consider a finite number m of
characteristic pairs [f; , g:] with correspond-
ing characteristic numbersA;,72 = 1,2, - -+ |
which are not necessarily distinct. Accord-
ing to what has been said, we may assume
that (f:, f;) = (g:, g;) = 8i; . Then Bessel’s
inequality applied to the kernel shows that
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Whence, a further integration with respect
to x yields

m 1

b b
2.3) f f (K (2, I da(y) dat) > 25

(=]

Since the left member of this inequality is
independent of m, it is clear that the num-
ber of characteristic numbers less than any
fixed number must be finite. We can there-
fore assume that our notation is chosen so
that A1 < Ay < Nz < --- . If there is an
infinite number of characteristic pairs, the
inequality (2.3) then shows that the N\’s must
tend to infinity rapidly enough to secure the
convergence of

«© b b
DIV N [ [ 1K@, I dat) day).

§3. EXISTENCE OF CHARACTERISTIC PAIRS

We first prove that every kernel that does
not vanish identically has at least one char-
acteristic pair.

We prove the following two theorems, of
which the first is a special case of the second
with m = O:

TareoreM 1. Every kernel that is not identi-
cally zero has at least one characteristic pair
and corresponding characteristic number.

TueorEM II. Let [fi, gil, [fe, g2, -- -,
(fu, gm| be m orthonormalized characteristic
pairs of the kernel K (x, y), the corresponding
characteristic numbers being Ny, No, ==+ , Ay .
Then either

or else there exists at least one further charac-
teristic pair [f, gl with corresponding charac-
teristic number \, such that

Uk:f) = (gkﬁg) o 0:

Since Theorem I is a special case of The-

=l 2

s

. orem II, we confine our attention to the
. latter. For this purpose, we define

Kn(z,y) = K(z,y) — :zlf&%‘f@

Not every function ue(y) is orthogonal to
K,.(z, y) for all z, unless K,, = 0. For, sup-
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pose K,(r1, y,) # 0. Then the function
u(y) = Kn(r1, y) is not orthogonal to
K,.(x1, y), since the continuity of K(x, y),
and hence of K,.(z, y), implies that

[ 1Euter, 0F daty) > 0.

Moreover uy(y), as thus defined, also has the
property of being orthogonal to ¢g; for 7 =
1, 2, .-+, m. This is easily proved on the
basis of the known formulas,

(gk, ,l?::) = 0k; and )\s_lfi(xl)
b

Now then, suppose uy(y) be any function in
L, (not necessarily K,.(x,, y)) which is or-
thogonal to g1, ---, g. but which is not
orthogonal to K,.(z, y) for all x. Let

> (),

ng = (o, uo)k uo(y) = o uo ().

Since @y(y) is also not orthogonal to K, (x, ),
although it is orthogonal to gi, --:, ¢u,
the function

b
0@ = [ Ko, )io(y) daly)

(3.1) ¢
= f K(z, )io(y) daly),

does not vanish 1dentically. Let
m o= (g, u)! > 0, u,(y) = niu(y).

We now give a formal inductive definition
of a sequence, uw;(y), + = 0, 1, 2, 3,---
by means of the following equations:

b
ugs(ﬂl) =f ﬁzswl(y)}((y) -1:) 0'05(5’),

(3.2)
s=1,2, ---
Nos = (Usa , Una)},
(33) Uss(Y) = Mg Use(y)
b
Uzet1(x) = f K(z, y)ia(y) da(p),
(3.4) u

§=0,12 ..
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