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1. In these Proceedings! a number of results were given on conduction of
heat in regions bounded internally or externally by circular cylinders with
boundary condition

kl%fl; —|—k2%:-’. U] R (1)

at a surface. The solutions were obtained by a formal method using the Laplace
transformation and it was remarked that it could be verified by a procedure
previously developed elsewhere? that they did in fact satisfy the differential
equations and boundary and initial conditions of their problems. The verifica-
tion procedure described in II is applicable to a wide range of one-variable
problems in conduction of heat, and, since only some special problems of those in
ITT were verified, it seems worth while indicating that the complete set of results
obtained in I may be verified in this way. These include most of the results of
IIT as special cases.

In §§2, 3, 4 three results on the nature of the roots of certain equations
involving Bessel funections, which were stated without proof in I and are of
intrinsic interest, will be proved for a set of conditions including those of physical
interest in I.

2. The Roots of the Equation.®

({22 —m)d (2) + med () =0 .......0 0. 0dsE e (2)
where 1, m, n are real constants, are all real and simple (except wpossibly for z=0)
provided

120, M0, M0, L0l iihnen: v mm e (3)

In (2) we may without loss of generality take I >0 and if [=0 we take m >0.
This convention is implied, here and subsequently, in stating results such as
(3), (6) and (8).

If some of I, m, n vanish the equation (2) reduces to a simpler form. If
l=m =0 the result is well known. If n=0 the equation becomes (12> —m)J ;(2) =0,
which if >0, m >0, may have double roots at -+ (m/l)}, if (m/l)* is equal to a
root of J(2)=0.

(i) A pure imaginary root z=ty of (2) is a real zero of

P tm)Lo(y) Fryli(y) ocosin il s o ST EEIES (4)

Now I,(y) and I,(y) are both positive for real positive y, so the expression (4)
is certainly always positive if ¥y >0 and conditions (3) are satisfied. Thus (4)
has no real positive zero, and since it is an even function it has no real negative

1 Journ. and Proc. Roy. Soc. N.S.W., 1940, 74, 342. This paper will be referred to as I.

2 Proc. Cambridge Phal. Soc., 1939, 35, 394. Proc. London Math. Soc., 1940, 46, 361. These
papers will be referred to as II and III, respectively.

3 This is I (13).
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zero. If the conditions (3) are not satisfied there may be no, one, or two real
positive zeros of (4).
(ii) The equation (2) has no complex roots if the conditions (3) are satisfied.
For if £ and v be conjugate complex roots of (2), we have
(I8 —m)d o(E) —nEJ’ o(€) =0
(n? —m)d o(n) —nnJ”o(n) =0.

Thus
1(732 _EZ)JO(E)JO(VI) ‘!‘n{iJ’u(E)Jo('f)) “ViJ,o(V})Jo(é)} =0.
Therefore? )
U2 —E2) o(E)d o(n) +1 (02 —E?) f e o(E)d o(n)daz=0.
0

If 1>0, n >0 this is impossible, so there can be no complex root.
(iii) The equation (2) has no repeated roots, except possibly z=0, if the
conditions (3) are satisfied. For writing®
y =2 —m)d o(2) +-nzJ(2),
we find

9T2(6)+ LT o(2) =A@ 0T #e) +nd ).

Thus if 2540, 1>0, n >0, y and @ cannot vanish simultaneously.

dz
3. The expression® :
fzs YRz (2] e i o s el e (5)
has no zeros for R(z)>=0, provided
=l e W T e L e (6)

As in §2 we take [>0, and if {=0, m>0. If l=m =0 the result is well
known. If n=0, >0, m >0 there are zeros at -—i(m/l)}.

(i) The expression (5) has no zeros for real positive z if the conditions (6)
are satisfied, since K 4(2) >0, K,(2) >0, for real positive z.

(ii)) The expression (5) has no complex zero £. For if 4 is the conjugate
of £, using the argument of §2 (ii) with G. and M., p. 70 (30), we have
o0

(B2 —n*)LK o(E) K o(n) —n(E* —7?) fl wK o(Ex) K o(nr)de =0,

and if 1>0, n< 0 we have a contradiction.
(ili) The expression (5) has no pure imaginary zero z=1ty, for this implies
(ly?> —m) [ o(y) —1 X o(y) ] —ny1J" o(y) —i ¥’ o(y)]=0.

B Jo) Y o(y) — Y o(y) o(y)=0,
but this is equal to (2/ny) and so we have a contradiction.

It follows that

4. The Zeros of”
P(2)=[(I2—m)d g(az) +nzd  (az)][(I'e* —m')Y o(bz) +n'2Y (b2)]

—[(U'22—m')J 4(b2) +n'2J ;(b2)][ (122 —m)Y ((az) +nzY  (az)] .... (7)
are all real and simple (except possibly for z=0), provided
e D T e s S (8)

* Using Gray and Mathews, T'reatise on Bessel Functions, p. 6—5‘(23). This work will be
referred to as G. and M.

*1 am indebted to a referee for this argument.
. ®This result is needed in I, §§5 and 6.
?This is I (30).
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We suppose b >a in the discussion. The cases in which » or »’ vanish are
discussed in (iv) below.

(i) A pure imaginary zero z= -ty of (7) is a real positive zero of
[@y? +m)Lo(ay) +nyl (ay) 1 [(Ly? +m') K o(by) —n'y K, (by)]
: — [y +m") o(by) +n'yL, (by) JI(ly* +m) K o(ay) —ny K, (ay)]=0 .. (9)
which may be written
(y*+m)('y* -m') [Lo(ay) K o(by) — K o(ay)L o(by)]
—nn ?]’2 [11(@3{)K1(by) K,(ay)L,(by)]
Fny Uy 4-m’) [ 11 (ay) K o(by) +Ky(ay) L o(by)]
—ny(ty2 +m) [ o(ay) K, (by) +L 0P K o(@y)] - o oo (10)

It is known that Iy(ay)Kn(by) —In(by)Kn(ay), n=0 and 1, have no real
positive zeros. Taking b>a, it follows from the asymptotic expansions that
they are negative for real positive y. Also Iy(z), I,(x), Kq(x), K,(x) are all
positive for real positive . Thus if the conditions (8) are satisfied, all four
terms of (10) are <0 for real positive y and thus there is no real positive zero
of (9).

(i) Suppose « is a zero of (7), then

U=[(la2—m)Y y(aa) +naY (ax)]J o(ar) —[(la2 —m)dJ g(@cx) +no (@)Y o(ar)
is a non-zero solution of the differential equation
e

al g
e ( )+a U=0, @cr<l .00t s (11)

with boundary conditions
alU
(Zatg—‘m)U 'nE/r —0, Y=a }
[ 23 ’ dU
(Va2—m" YU —n W—O, ¥=h
Also, for any f3,

V=[(E*—m) Y o(aB) +nBY,(af) ] o fr) —[(IB* —m)J o(aB) +npJ1(aB) 1Y o(Br)

satisfies

1@/ ay -

= &r(r d’r) BYW =0, acrch ..... 2o S (13)
with (Ip2—m)V — n%]:() P ws i s wiols oinke ot RS (14)

From (11) and (13) it follows that

b au avlb
_Bz)f rUVdT+[ V~d—— o d’l‘] =0,

a a
and hence, using (12), (14) and the notation (7), we have
\ b al i
(a2—?) rUVob +-—-[UV] — —[UV] }_ B)U]
r=b " r=a b

............ (15)

Suppose o is a complex zero of (7) and B its conjugate. Then F(B)=0,
and (15) becomes -

—szf gl el f —o.
=b
Thus if 1>0, I'>0, n< 0, n' >0 we ha.ve a contradictlon, and no complex

root is possible.

(iii) To show that (7) has no repeated zeros, let o« be a zero (real) of (7)
and let § be real and tend to «. Then as B—a, V—U and F(B)/(B —a)—>F'(a).
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Thus (15) gives

([ b a ) b
9 gt R TR = TRy
“i.L SLOL s S e L

If « is a repeated zero of (7), F'(a)=0. Thus if a==0, and the conditions (8)
are satisfied, we have a contradiction. :

(iv) If n=0, I'>0, m'>0, n" >0 we have

F(2) =(lz*—m)G(2),
where
G(2) =d o(az) [(1'z> —m") Y o(b2) +-n'2Y,(b2)]
—Y o(az)[(V'22—m')d o(bz) +n'2d 1 (b2)].

The method of (ii) and (iii) may be used to show that the zeros of G(2) are
all real and simple. If (m/l)? is equal to a zero of G(z), F(z) will have double
zeros at +(m/l)}. A similar result holds for the case »'=0, 1>0, m >0, n 0.
If n=n"=0, we have

F(z)=(l2—m) 'z —m')Cy(az, bz)
where Colaz, bz)=dJ y(az)Y o(bz) —X g(az)J o(b2).

The zeros of C,(az, bz) are known to be all real and simple. F(z) has a
repeated zero if (m/l)} or (m'[/l')} coincides with one of them.

5. The method of solution used in I consisted of forming from the original
differential equation and boundary conditions a subsidiary equation and
boundary conditions, from the solution ¥(p) of which the solution »(f) of the
original problem was derived formally by the use of the inversion theorem,

namely
v 4100
o e e (16)
2m :
y—too

and the solution was obtained in its final form from the line integral in (16)
by using the contour of Fig. 1 or Fig. 2. To make the solutions rigorous we

g B B'! B
F
c E/\
PTG A

Fig. 1. Fig. 2.
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verify (a) that v(f) given by (16) satisfies the conditions of the problem, and
(b) that the integrals over the large circles of Figs. 1 and 2 tend to zero
as the radius tends to infinity.

6. The method of verifying that solutions obtained in the form (16) satisfy
their differential equations and initial and boundary conditions consists of
transforming the path L, (y —io0, v +io), of (16) into a path L’ which begins
at infinity in the direction argh= —8, n>f> }x, keeps all singularities of the
integrand to the left and ends in the direction argh={. The verification is then
performed on the integrals over L. Most of the verification is performed by the
use of Theorem 2 of II, which is restated here for convenience and to include
two small extensions proved as in II.

THEOREM 2. If (3, &) is an analytic function of A on and to the right of
the path L', and if
| | fO E) |< CR< exp[—ER} cos 6],
when A =Rex0, 1>0,>06=>0, R >R, where C, k< 1, R, and 0,> Lr are constants,
then

i t dA ¢ dA
(i f o, 85 = f o, &) S
| L T
provided that either t>0, £>0, or t>0, £>0.
g t dA
(i) f Mo, B
Lf

is uniformly convergent with respect to t in t=>0 for fixed £ >0, and with respect to
E in £=0 for fized t>0. Also the integral may be differentiated under the integral
sign with respect to t in t=>0 for fived £>0, or in t>t,>0 for fiwed £=>0, and
the resulting integral is uniformly convergent with respect to & in £=>0, for fived
t>0.

(i) lim f Mo, g)%:o, for fiwed £>0.
”

t—o0

(iv) If, in addition, 0f/0% and 0%*f/0E? satisfy conditions of the type satisfied
by f(\, &) except that k meed not be less than 1, then

f Mo, 2
L’

may be differentiated twice under the integral sign with respect to &, in £=>0, for
Jiwed t>0.

(v) If the range of £ extends to infinity,

lin f e pdhig
7! %

£— 0
for fized t>0.

Proof of (v) is as for the special case in Paper II.

In §§7, 8, 9 verifications of the solutions of §§2 and 5 of I and the source
problem of I, §3 are given in detail. The results of I, §4 and the other source
problems of I may be treated in the same way.
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7. Verification that I (11) satisfies the conditions of I, §2.

We write f(\) =(kA+ks)L o(ua) gl (@) «.ovvvvvieninin.... (17)
where p=+/(A/x).

From the asymptotic expansions of the Bessel functions it follows that
e =0 =0 L s s s s e e (18)

L 109 | >Cpx explagt cos 18], if o >pp sovvvversves (19)
where® « is 3/4, 1/4, or —1/4 according as k=0 ; k,=0, k540 ; or k, =k,=0;
respectively.

IR T i) | = exp [R(R) | oo i 6o sl vy s i snie s b v s ip e uses (20)
we have, when A has the value (18),

| Lo(wr) | < C exp [rpt cos 36].
Thus 1}&;’ <Cp~aexp [ —(a—r)pt cos 30], p>py, 0<r<a........ (21)

where « has the values 3/4, 1/4 or —1/4.

The derivatives with respect to » of the left-hand side of (21) satisfy similar
inequalities. Thus for all values of the k the integrand of I (11) satisfies the
conditions of Theorem 2 (these are taken, here and subsequently, to include those
of Theorem 2 (iv)). It follows immediately from the Theorem that

k, M (ur)dn

== —_— hen t> N R AN
L s ATy , When t>0, 0<r<a (22)

or t>0, 0<r<a,
that lim v=0, for ﬁxed rin 0<<r< @, and that v sablsﬁes its differential equation.
t—o
To verify the boundary condition I (4) we take v in the form (22) and observe
that by Theorem 2 (ii) we may differentiate under the integral sign with respect
to r in 0<r<a for fixed t>0, and with respect to ¢ in t>¢,>0 for fixed r in
0<r<a. Thus

ky [ ek +Ta)T o(ur) +FguT, (pr)}dA
1aaz"”"’za ke 57"{], N0

and by (ii) and (iv) of Theorem 2 this integral is uniformly convergent with
respect to r in 0<r<{a for fixed ¢>0. Thus

. k, eMan
l ( 1at+k2a +k3 ) 27T?1f y 7\ :ki'

r—>a

8. Verification that I (36) satisfies the conditions of I, §5.

Writing G =l A B ) I o) —FRgllBC (). o oo viiissiinvisosionioinne (23)
we find as in §7 that for J\—xpetﬂ, 7 >0>0,
[K—;")<Cpot exp| —(r—a)p? cos 30], p>pg v vvvnn (24)

where a=—1, —1, or 0 according as k,540; k,=0, k,540; or k,=k,=0,
respectively. ’I‘he derivatives satisfy similar condltlons

Thus in all cases the conditions of Theorem 2 are satisfied and it follows
that the path can be deformed into L’, that v satisfies the differential equation,

and that lim v=0. It is verified as in §7 that the boundary condition at
t—o

*C is used for any positive constant, o, py, - . . for fixed values of p, etc.
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r=a i8 satisfied. The remaining condition
lim v=0
7¥— 00
follows from Theorem 2 (v).

9. Verification of the solution for an instantaneous cylindrical surface source
over r=r' in the solid cylinder 0<r< a.

From the results of I, §3, with the notation (17) and (23) we have

vm @ [T Lo ourrg0) —Eunfondtar
stk Jy—ie 0y
.................. (27)
and s
s _ﬁm L Io(%’-"')Io(W')g(l)eMdl
W fy—ioo iy ; 0<rca i oiE (28)

We have to verify that v satisfies I (16) and that w satisfies I (19) and I (20).
When A=xpeif, ©>0,>0>0,
Lolur)odbr00) | Go-t expi(r-+'—2a)pt cos 10), p>pq - (29

"NT : B |
Lolp ML lurig)—KourlO | o expir—rih cos 10,

r<r<a, P01 an i (30)

with similar results for the derivatives.

It follows from (29) and Theorem 2 that w satisfies I (19) and I (20). Also,
it follows from (30) that the path of integration in (27) may be deformed into L',
and that the integral over L’ may be differentiated under the integral sign with
respect to r in ' < r<{a for fixed { >0, and with respect to t in t>t,>0 for fixed
r in r"<r<a. Thus

O L Bo B Y 90, 1
f ot +k2—5'+k3v_ T 4Amlin f LTE00 o
where (A, 7)=I(ur"{[(AA +ks)L o(ur) +Eopdy (ur) Jg(A)
— [(eyh +-Feg) K o(par) — R K, (1) 1 (M)}
and the integral is uniformly convergent with respect to » in »'<r<a for fixed
t>0. Therefore

tim (kl%‘é +k2%% —Hcav) =,

r—a

Since we have used the inversion theorem purely formally, and not estab-
lished conditions for its validity, to complete the proof it is necessary to show
that the application of the inversion theorem to I (21) gives I (18).

We consider the region 0<<r<r’. Applying the inversion theorem to I (21)

gives ‘
il B N
e L_iw Loer)E ofpr')e” dh
Now on A=xpeid
| Lo(pr)K o(pr') | < Cp~* exp[—(r' —r)pt cos 30], 0<r<r', p>p,.
Thus by II, Theorem 1 (footnote), the integrals over the arcs BB'F and
AA'C of Fig. 2, tend to zero as p—oco for 1>0, 0<<r<r'.
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Y +i00 N
Therefore —— I o(pr) K o(ur’)e” dr
Y —1ic0

T 4mRixn

00
2 f e~ XUy T (ur)[K o(iur’) — K o —iur’) Jdu
0

S B
oy R | olur)d o(ur’ yudu
0

Q r 42 rr’ ;
> 08 i) 0 L G :
amnt TP\ T )1" ) i s

The proof for the other range is similar.

10. It remains to show that for the problems of I the integrals round the
arcs BB'C and AA’C of the circle [ of I, Fig. 1, or BB'F and AA'C of I, Fig. 2,
tend to zero as the radii tend to infinity. When Fig. 1 is used the radius is to
tend to infinity through a sequence of values avoiding the poles of the integrand ;
these poles have been discussed in §§2, 3, 4. In all cases we show that the
integrands of the line integrals for v satisfy the conditions of I1, Theorem 1, and
the result follows. The problems of I, §§2, 3, 5, are discussed in §§12,13, 14 ;
the remaining problems are treated in the same way.

2
11. Lemma. For A:x(n+%)2—2-2@ie, p=+/(\/x), 7=60.

cosh (pa—%m’) F>C exp[(n+4)w cos 36] ....... .. ... (31)

where C is a constant independent of n.

cosh (p.a—%‘rti) l2—| cosh [(n—}—%)m"ﬂ/?-—}zni]\

|
:%{cosh [(2n+1)7 cos %6]—}-008[(21@—{-1)7: sin 1}6——7-;—]}

=% cosh [(2n+1)7 cos 301 +sin[(2n+1)m sin 0]
gech[(2n +1)m cos 3607}

2n+31/_4_
2n+1 °
Then 0<sin[(2n+41)x sin 10] sech [(2n+1)m cos 10]< 2-%, when ~>0>8.

Also, when B>0>0,
| sin[(2n 4-1)7 sin 46] sech [(2n+1)7 cos 30] | < sech [(2n+1)m cos $B]< C<1

Thus, when ==>60>0,

Now let =2sin-1

cosh (p.a—%n’i);>0 exp [(n+1)m cos 36]

: n
The same argument gives, when A=x(n+%)2a—ze«9,

! cosh (pa—%ni) >C exp [(n+3)m cos 40]...... (32)
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12. The problem of I, §2.
Here, using the notation (17)

kg TR

TR e MR Tt

Now it follows from the asymptotic expansions of the Bessel functions that

_ 2(ky A+ Kg)et™ 1 o\os "RhguetT TR
f) = @raa)? cosh |ua— 4’”) Crua)t cosh (p.a—-zm)

~+similar terms 0( i) compared with the above.

2
Thus,® if l:x(n—l—:})z%eie, 7>0>0

‘f()\)‘>0n<x exp[(n+3)m cos 30), n>n, ..... SR e (34)

where the results (31) and (32) have been used and « is 3/2, 3 or —1 accordmg
as k0 kl—O k40 ; or ky=k,=0.

Also | Iy(2)| <exp | E(?) |.
2
Thus on A=wx(n-+1)> E—eiﬂ ;
Lofur) | I o

b cos 19}, ©=>0>0, 0<r<<a, n>n,

TN |<0na exp 1 (n+3)w.

where « is —3/2, —3% or 1 according as kl_%_o ; k=0, kx5~0; or k,=k,=0.
In all cases the conditions of II, Theorem 1, are satisfied and thus the
integral over [~ tends to zero as its radius tends to infinity if
either 0<<r<<a, t>0
or 0<r<a, t>0.

13. The source problem of I, §3.
Here, in the notation (16),
L0l f Y HIOL 'Y o(ar)g0) —E furfO0}eNan
4in ¥ —i00 f)
From the asymptotic expansions it follows that, for
)\=x(n+]§)2§:eiﬂ, n>=0>0

r<r<a.

i r' —r+ta
| Lo(pr WL ofur)g0) — K o(ur)f(0)} | < One exp ((n+%)n(--—-;i“—’ cos %9),
r<r<a, n>ng
where a=1, —1, —3/2 according as k540 ; k,=0, k;5=0; k,=k,=0.
Thus, using (34), we have when

2
A=x(n+})i200, ©>020

ol WL o(r)g () — K o(ur)f (M)} i bl
7o) i
r'<r<a, n>n,.
Thus the conditions of II, Theorem 1, are satisfied for ¢t>0 if r <r<a and
similarly they are satisfied 1f 0o<r<r'.

cos %B}

® These circles do not pass through any pole of the integrand of (33).
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14. The problem of I, §5.
Here in the notation (23) .
oo [ YT MEgunar
27 y —i00 Ag(A)

and since the order property (24) holds in = >>0>>0 the conditions of IT, Theorem 1,
are satisfied.

The University of Tasmania.
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